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Computability of Equivariant Grobner bases
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Abstract

Let K be a field, X be an infinite set (of indeterminates), and G
be a group acting on X. An ideal in the polynomial ring K[X] is
called equivariant if it is invariant under the action of G. We show
Grobner bases for equivariant ideals are computable are hence the
equivariant ideal membership is decidable when G and X satisfies
the Hilbert’s basis property, that is, when every equivariant ideal in
K[X] is finitely generated. Moreover, we give a sufficient condition
for the undecidability of the equivariant ideal membership problem.
This condition is satisfied by the most common examples not sat-
isfying the Hilbert’s basis property. Our results imply decidability
of solvability of orbit-finite systems of linear equations and the
reachability problem for reversible data Petri nets for a large class
of data domains.
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1 Introduction

For a field K and a non-empty set X of indeterminates, we denote
the ring of polynomials with coefficients from K and indeterminates
from X by K[X]. A fundamental result in commutative algebra
is Hilbert’s basis theorem, which states that when X is finite, ev-
ery ideal in K[X] is finitely generated [17], where an ideal is a
non-empty subset of K[X] that is closed under addition and multi-
plication by elements of K[ X]. This property follows from Hilbert’s
basis theorem, stating that for every ring A that is Noetherian, the
polynomial ring A[x] in one variable over A is also Noetherian [23,
Theorem 4.1].

In this paper, we assume that elements of K can be effectively
represented and that basic operations on K are computable (+, —, X,
/, and equality test). In this setting, a Grobner basis is a specific kind
of generating set of a polynomial ideal which allows easy checking
of membership of a given polynomial in that ideal. Grobner bases
were introduced by Buchberger, who showed that when X is finite,
every ideal in K[X] has a finite Grobner basis. Moreover, for any
set of polynomials in K[X], one can compute a finite Grobner
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basis of the ideal generated by them via the so-called Buchberger
algorithm [8]. The existence and computability of Grobner bases
implies the decidability of the ideal membership problem: given a
polynomial f and a set of polynomials H, decide whether f is in
the ideal generated by H. More generally, Grobner bases provide
effective representations of ideals, making it possible to decide
inclusion and equality, and to compute sums and intersections of
ideals [9].

Beyond their significance in commutative algebra, these decid-
ability results have important applications in other areas of com-
puter science. For instance, the so-called “Hilbert Method” reduces
the verification of certain problems on automata and transducers
to computations on polynomial ideals and has been successfully
applied to polynomial automata and the equivalence of string-to-
string transducers of linear growth. We refer to [7] for a survey of
these applications.

This paper extends the theory of Grébner bases to the case where
the set X of indeterminates is infinite. As an example, consider X to
be the set of variables x; for i € N, and the ideal Z generated by the
set {x | x € X}. Clearly, Z is not finitely generated. Consequently,
Hilbert’s basis theorem and, a fortiori, the theory of Grobner bases
do not extend to the case of infinite sets of indeterminates.

Fortunately, the infinite set X of variables (data) often comes
with additional structure, typically given by relations and functions
defined on X, and one is often interested in systems that are in-
variant under the action of the group G of structure-preserving
bijections of X. For instance, in the above example, one may not
be interested in the ideal Z generated by the set {x | x € X}, but
rather in the equivariant ideal generated by the set {x | x € X},
which is the smallest ideal that contains it and is invariant under
the action of G. In this case, the ideal is finitely generated by any
single indeterminate x € X. This motivates the study of equivariant
ideals, which are highly dependent on the specific choice of group
action G ~ X: for instance, the ideal Z is not finitely generated
as an equivariant ideal with respect to the trivial group. A general
analysis of the equivariant Hilbert basis property stating that “ev-
ery equivariant ideal is orbit finitely generated” has been recently
given in [15], and this paper aims at providing a computational
counterpart.

1.1 Contributions.

In this paper, we bridge the gap between the theoretical understand-
ing of the equivariant Hilbert basis property [15, Property 4], and
the computational aspects of equivariant ideals, by showing that
under mild assumptions on the group action, one can compute an
equivariant Grobner basis of an equivariant ideal, hence, that one
can decide the equivariant ideal membership problem.

We divide our hypotheses into two parts. First, we require com-
putability assumptions to be satisfied by the group action, which
are fairly standard in the literature on computation with infinite
data. Second, we require a semantic assumption on the set of inde-
terminates that will guarantee the termination of our procedures,
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which we call being well-structured. This implies that the set of
monomials is well-quasi-ordered with respect to divisibility. Both
assumptions are formally introduced in Section 2. Our main posi-
tive result states that under these assumptions, one can compute
an equivariant Grobner basis of an equivariant ideal.

THEOREM 1.1 (EQUIVARIANT GROBNER Basis). Let X be a totally
ordered set of indeterminates equipped with a group action G ~ X,
that satisfies our computability assumptions and is well-structured.
Then, one can compute a equivariant Grobner bases of equivariant
ideals.

Using standard techniques for polynomial ideals, we then apply
our Theorem 1.1 to provide an effective representation of equivari-
ant ideals under the same assumptions.

COROLLARY 1.2. Assume that G ~ X is effectively oligomorphic
and well-structured. Then one has an effective representation of the
equivariant ideals of K[X], such that:

(1) One can obtain a representation from an orbit-finite set of
generators,

(2) One can effectively decide the equivariant ideal membership
problem given a representation,

(3) The following operations are computable at the level of repre-
sentations: the union of two equivariant ideals, the product
of two equivariant ideals, the intersection of two equivari-
ant ideals, and checking whether two equivariant ideals are
equal.

> Proven p.15

We then illustrate how our positive results apply to numerous
situations by providing families of indeterminates that satisfy our
computability assumptions and are well-structured, and by showing
that these are closed under disjoint sums and lexicographic products.
Furthermore, we avoid the requirement that a total ordering is
present on the indeterminates by defining nicely orderable actions
(Theorem 5.11). Examples of indeterminates that we can therefore
deal with include:

(1) Equality Atoms: the indeterminates are an infinite set and
G is all permutations.

(2) Dense Linear Orders: the indeterminates are Q, and G is all
order-preserving bijections.

(3) Dense Meet Tree: the indeterminates are elements of the in-
finite dense meet tree, and G is its group of automorphisms.

We then apply our positive results (Theorem 1.1 and Corol-
lary 1.2) to obtain decision procedures for the following problems,
where G ~ X is a nicely orderable group action:

(1) Theorem 5.13: The zeroness problem for orbit finite poly-
nomial automata,

(2) Theorem 5.14: The reachability problem for reversible Petri
nets with data,

(3) Theorem 5.16: The solvability problem for orbit-finite linear
systems of equations.

Finally, we provide undecidability results for the equivariant
ideal membership problem in cases where our effective assumptions
are satisfied, but the action is not well-structured. This illustrates
the fact that our assumptions are close to optimal. One classical
obstruction to a group action being well-structured is the ability

Anon.

to represent an infinite path (a formal definition is given in Sec-
tion 6). We prove that whenever one can (effectively) represent an
infinite path in the set of monomials Mon (X), the equivariant ideal
membership problem is undecidable.

THEOREM 1.3 (UNDECIDABILITY OF EQUIVARIANT IDEAL MEMBER-
sHrp). Let X be a totally ordered set of indeterminates equipped with
a group action G ~ X, under our computability assumptions. If
X contains an infinite path then the equivariant ideal membership
problem is undecidable.

As corollaries of our results, we obtain the decidability of the
reachability problem for reversible Petri nets with data and the
solvability problem for orbit-finite systems of linear equations for
data domains that are reducts of totally ordered and well-structured
structures (Section 5.3). This class of data domains includes both
equality and ordered atoms, as well as dense tree atoms.

Note that the decidability of the reachability problem for data
Petri nets remains open for equality atoms, whilst for ordered atoms
this problem is known to be undecidable [32]. Orbit-finite systems
of linear equations were previously known to be solvable only for
equality atoms, ordered atoms, and their lexicographic products

([15]).
1.2 Related Research

We call Equality Atoms the infinite set of indeterminates with all
permutations acting on them. The fact that Hilbert’s basis property
holds for polynomials with indeterminates being Equality Atoms
is a frequently rediscovered fact [1, 2, 18, 19]. Recently, Ghosh
and Lasota provided a general answer to characterise which group
actions enjoy Hilbert’s basis property [15, Theorem 11 and 12],
and provided, in some limited settings, a version of Buchberger’s
algorithm [15, Section 6]. Let us recall their precise statements in
order to compare it with our contributions.

THEOREM 1.4 ([15, THEOREM 11 AND 12]). Let X be a set of in-
determinates equipped with a group action G ~ X. Then, Item 1
implies Item 2 implies Item 3, where

(1) The action is w-well-structured and the indeterminates are
equipped with a total order compatible with the group action,

(2) The equivariant Hilbert basis property holds for K[ X],

(3) The action is w-well-structured.

It should be noted that being w-well-structured is a priori a
weaker condition than being well-structured, although the two
are conjectured to be equivalent [29, Problems 9]. Similarly, it is
conjectured that Item 3 and Item 1 are equivalent® [29, Problems 12].
Consequently, our Theorem 1.1 is conjectured to hold whenever
the equivariant Hilbert basis property does. Note that Theorems 1.1
and 1.4 are incomparable: the former does not address decidability,
whilst the latter only considers equivariant ideals that are already
finitely presented. We show in Example 6.1 an example where
equivariant Grobner bases are computable, but the equivariant
Hilbert basis property fails.

We now comment on the decision procedures found in the liter-
ature. First, most results focus on Dense Linear Orders or Equality
Atoms, which are merely special cases of our general result. The

1Up to modifying the group action to respect the ordering.
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Equivariant Grébner bases

reason for this is that, until this paper, the only way to provide
a decision procedure was to assume that the ordering on the in-
determinates was well-founded [15, Section 6], or to encode the
behaviour of the indeterminates in a set with a well-founded to-
tal ordering [15, Section 7, Reduction Game]. We provide the first
result that dispenses with the assumption that the ordering is well-
founded. Consequently, we can deal with the Dense Linear Order
without employing any encoding tricks. Moreover, with the Dense
Meet Tree, we provide an example of a group action whose equi-
variant ideal membership problem was not previously known to be
decidable. Our applications to the decidability of other problems
in theoretical computer science strictly extend those given in [15,
Section 4, 8, and 9]. Indeed, their encoding of orbit finite weighted
automata did not require the ability to test inclusion of equivariant
ideals, whereas it is central to our result on orbit finite polynomial
automata (which strictly generalise weighted automata). Moreover,
their solutions to the problems concerning reversible Petri-nets
with data and orbit-finite linear systems of equations only apply
when the indeterminates are equipped with a well-founded total
ordering, which we do not require.

Finally, our results contribute to a larger research direction that
aims to establish an algorithmic theory of computation with orbit-
finite sets. For instance, [27] studies equivariant subspaces of vector
spaces generated by orbit-finite sets, [14, 24] investigate the solv-
ability of orbit-finite systems of linear equations and inequalities,
and [14, 27, 30] study the duals of vector spaces generated by orbit-
finite sets.

Organisation. The rest of the paper is organised as follows.
In Section 2, we formally introduce the notions of Grébner bases,
effectively oligomorphic actions, and well-quasi-orderings, which
are the main assumptions of our positive results. Subsequently, we
introduce in Section 3 an adaptation of Buchberger’s algorithm to
the equivariant case, which computes a weak equivariant Grobner
basis of an equivariant ideal. In Section 4, we use weak equivariant
Grobner bases to prove our main result Theorem 1.1 and show that
it provides a way to effectively represent equivariant ideals (Corol-
lary 1.2). We then show in Section 5.2 that the assumptions of our
Theorem 1.1 are closed under natural operations (Corollary 5.10
and Theorem 5.11). The positive results regarding the equivariant
ideal membership problem are then applied to obtain several deci-
sion procedures. Finally, in Section 6, we show that our assumptions
are close to optimal by proving that the equivariant ideal member-
ship problem is undecidable whenever one can find infinite paths
in the set of indeterminates (Theorem 1.3). This is conjectured to
provide a complete characterisation of the undecidability of the
equivariant ideal membership problem (Conjecture 6.3).

2 Preliminaries

Partial orders, ordinals, well-founded sets, and well-quasi-
ordered sets. We assume basic familiarity with partial orders,
well-founded sets, and ordinals. We use the notation o for the first
infinite ordinal (that is, (I, <)), and write X +Y for the lexicographic
sum of two partial orders X and Y. Similarly, the notation X x
Y denotes the product of two partial orders equipped with the
lexigographic ordering, i.e. (x1,y1) < (X2, y2) if either x; < x3, or
x1 = x2 and y; < y;. We also use the usual notations for finite
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ordinals, writing n for the finite ordinal of size n. For instance, » + 1
is the total order N & {+co}, where +oo is the new largest element.

In order to guarantee the termination of the algorithms presented
in this paper, a key ingredient is the notion of well-quasi-ordering
(WQO), which consists of sets (X, <) such that every infinite se-
quence (x;);cy of elements of X contains a pair i < j such that
x; < x;. Examples of well-quasi-orderings include finite sets with
any ordering, or NXN with the product ordering. We refer the reader
to [11] for a comprehensive introduction to well-quasi-orderings
and their applications in computer science.

Polynomials, monomials, divisibility. We assume basic fa-
miliarity with the theory of commutative algebra and polynomials.
We use the notation K[X] for the ring of polynomials with coeffi-
cients from a field K and indeterminates from a set X, and Mon (X)
for the set of monomials in K[ X]. Letters p, ¢, r denote polynomials,
m, n denote monomials, and a, b, &, § denote coefficients in K.

A classical example of a WQO is the set of monomials Mon (X),
endowed with the divisibility relation C% when X is finite. We
recall that a monomial m divides a monomial n if there exists a
monomial [ such that m x I = 1. In this case, we write m T4 n.
Note that monomials can be seen as functions from X to N with
finite support, and that the divisibility relation can be extended
to monomials that are functions from X to (Y, <), where Y is any
partially ordered set. In this case, we write m C%V 1 if for every x €
X, we have m(x) < n(x). We write Mon,,+1(X) (resp. Mon 2 (X))
for the set of monomials that are functions from X to w + 1 (resp.
®?).

Unless otherwise specified, we assume that the set of indetermi-
nates X comes equipped with a total ordering <. Using this order,
we define the reverse lexicographic (revlex) ordering on monomials
as follows: 11 =ReVLe% 1 if there exists an indeterminate x € X such
that n(x) < m(x), and such that for every y € X, if x <x y then
n(y) = m(y). Note that if n % m, then in particular n CReVEeX .

We can now use the reverse lexicographic ordering to identify
particular elements in a given polynomial. Namely, for a polyno-
mial p € K[X], we define the leading monomial LM (p) of p as
the largest monomial appearing in p with respect to the revlex
ordering, and the leading coefficient LC (p) of p as the coefficient
of LM (p) in p. We then define the leading term LT (p) of p as the
product of its leading monomial and its leading coefficient, and the
characteristic monomial CM(p) of p as the product of its leading
monomial and all the indeterminates appearing in p. We also define
the domain of m as the set dom(m) of indeterminates x € X such
that m(x) # 0. Because the coefficients and monomial in question
are highly dependent on the ordering <y, we allow ourselves to
write LM x (p) to highlight the precise ordered set of variables that
was used to compute the leading monomial of p. We extend dom
from monomials to polynomials by defining dom(p) as the union
of the domains of all monomials appearing in p.

Remark 2.1. In the case of a finite set of indeterminates, one
can choose any total ordering on Mon(X), as long as it contains
the divisibility quasi-ordering, and is compatible with the product
of monomials.? In our case, having an infinite number of indeter-
minates, we rely on a connection between LM (p) and dom(p):

This is often called a monomial ordering, see [9].
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dom(p) € | dom(LM(p)), where | S is the downwards closure of
aset S C X, ie. the set of all indeterminates x € X such that y < x
for some y € S. This means that the leading monomial encodes
a global property of the polynomial, and it will be crucial in our
termination arguments. This is already at the core of the classical
elimination theorems [9, Chapter 3, Theorem 2].

Ideals, and Grobner Bases. An ideal I of K[X] is a non-empty
subset of K[X] that is closed under addition and multiplication
by elements of K[X]. Given a set H C K[X], we denote by (H)
the ideal generated by H, i.e. the smallest ideal that contains H.
The ideal membership problem is the following decision problem:
given a polynomial p € K[X] and a set of polynomials H € K[X],
decide whether p belongs to the ideal (H) generated by H. We
know that this problem is decidable when X is finite, and that it is
even EXPTIME-complete [26]. The classical approach to the ideal
membership problem is to use the Grobner basis theory, developed
in the 1970s by Buchberger [8]. A set B of polynomials is called a
Grobner basis of an ideal T if, (8) = I and for every polynomial
p € I, there exists a polynomial ¢ € B such that LM x(q) T4
LMx (p).

Given a Grobner basis B of an ideal 7, and a polynomial p, it suf-
fices to iteratively reduce the leading monomial of p by subtracting
multiples of elements in $, until one cannot apply any reductions.
If the result is 0, then p belongs to 7, and otherwise it does not.

Example 2.2. Let X £ {x,y,z} withz < y < x. The set B £
{x%y — z,x* — y} is not a Grobner basis of the ideal 7 it generates,
because the polynomial p 2 y? — z belongs to 7 but its leading
monomial y? is not divisible by LM (x%y — z) = x?y nor by LM (x? —
y) = x%

Group actions and equivariance. A group G is a set equipped
with a binary operation that is associative, has an identity element
and has inverses. In our setting, we are interested in infinite sets
X of indeterminates that is equipped with a group action G ~ X.
This means that for each 7 € G, we have a bijection X = X that
we denote by x > 7t-x. Aset S C X is equivariant under the action
of Gifforallm € G and x € S, we have - x € S. We give in
Example 2.3 an example and a non-example of equivariant ideals.

Example 2.3. Let X be any infinite set, and G be the group of all
bijections of X. Then the set Sy € K[X] of all polynomials whose
set of coefficients sums to 0 is an equivariant ideal. Conversely, the
set of all polynomials that are multiple of x € X is an ideal that is
not equivariant.

ProOF. Let p,q € Sp, and r € K[X]. Then, p X r + g is in Sp.
Remark that p, r and g belong to a subset K[X] of the polynomials
that uses only finitely many indeterminates. In this subset, the
sum of all coefficients is obtained by applying the polynomials
to the value 1 for every indeterminate y € X. We conclude that
pxr+q)(1,...,1) =p(1,...,1) xr(1,...,1) +q(1,...,1) =0 X
r(1,...,1) + 0 = 0, hence that p X r + g belongs to Sy. Because 0 is
in Sy, we conclude that Sy is an ideal. Furthermore, if T € G and
p € Sp, then the sum of the coefficients 7t- p is exactly the sum of the
coefficients of p, hence is 0 too. This shows that Sy is equivariant.

It is clear that all multiples of a given polynomial x € X is an
ideal of K[X]. This is not an equivariant ideal: take any bijection

Anon.

7 € G that does not map x to x (it exists because X is infinite and G
is all permutations), then 7t - x is not a multiple of x, and therefore
does not belong to the ideal. O

Orbit finiteness. An equivariant set is said to be orbit finite if
it is the union of finitely many orbits under the action of G. We
denote orbitg (E) for the set of all elements 7 - x for m € G and
x € E. Equivalently, an orbit finite set is a set of the form orbit g (E)
for some finite set E. Not every equivariant subset is orbit finite, as
shown in Example 2.4. However, orbit finite sets are robust in the
sense that equivariant subsets of orbit finite sets are also orbit finite,
and similarly, an equivariant subset of E" is orbit finite whenever
E is orbit finite and n € N is finite. For algorithmic purposes, orbit
finite sets are those that can be taken as input as a finite set of
representatives (one for each orbit). The notions of equivariance
and orbit finite sets from a computational perspective are discussed
in [6], and we refer the reader to this book for a more comprehensive
introduction to the topic.

We will mostly be interested in orbit-finitely generated equivari-
ant ideals, i.e. equivariant ideals that are generated by an orbit finite
set of polynomials, for which the equivariant ideal membership prob-
lem is as follows: given a polynomial p € K[X] and an orbit finite
set H € K[X], decide whether p belongs to the equivariant ideal
(H) g generated by H.

Example 2.4. Let X = N, and G be all permutations that fixes
prime numbers. The set of all polynomials whose coefficients sum
to 0 is an equivariant ideal, but it is not orbit finite, since all the
polynomials x;, — x4 for p # g primes are in distinct orbits under
the action of G.

A function f: X — Y between two sets X and Y equipped with
actions G ~ X and G ~ Y is said to be equivariant if for all
m e G and x € X, we have f(7- x) = 7+ f(x). For instance, the
domain of a monomial is an equivariant function: if T € G, then
7 - dom(m) = dom(7t - m). Let us point out that the image of an
orbit finite set under an equivariant function is orbit finite, and that
the algorithms that we will develop in this paper are all equivariant.

Computability assumptions. We say that the action is effec-

tively oligomorphic if:
(1) Itis oligomorphic, i.e. for every n € N, X" is orbit finite,
(2) There exists an algorithm that decides whether two ele-
ments X, € X* are in the same orbit under the action of
G on X*.
(3) There exists an algorithm which, on input n € N, outputs a
set A Can X™ such that |JANU| = 1 for every orbit U € X".
In particular, X itself is orbit finite under the action of G.

A group action G ~ X is said to be compatible with an ordering
<on X ifforallme G and x,y € X, we have x < y if and only
if T+ x < 7t y. Let us point out that in this case, TR¢'*** is also
compatible with the action of G on Mon (X)), i.e. for all T € G and
monomials m,n € Mon(X), we have m CRevlex 1 if and only if
7t m CRVEX v . Our computability assumptions on the tuple
(X, G, <) are that G acts effectively oligomorphic on X, and that
its action is compatible with the ordering < on X.
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Example 2.5. Let X = Q and G be the group of all order preserv-
ing bijections of Q. Then, G acts effectively oligomorphically on X,
and its action is compatible with the ordering of Q by definition.

Note that under our computability assumptions, the set of poly-
nomials K[X] is also effectively oligomorphic under the action of
G on X when restricted to polynomials with bounded degree. This
is because a polynomial p € K[X] can be seen as an element of
(K x X=9)" where n is the number of monomials in p, and d is the
maximal degree of a monomial appearing in p. Note that the set of
all polynomials K[X] is not orbit finite, precisely because the orbit
of a polynomial p under the action of G cannot change the degree
of p, and because there are polynomials of arbitrarily large degree.

Equivariant Grobner bases. We know from [15] that a neces-
sary condition for the equivariant Hilbert basis property to hold is
that the set Mon (X) of monomials is a well-quasi-ordering when
endowed with the divisibility up-to G relation (Egv), which is de-
fined as follows: for m;, m, € Mon(X), we write m; E‘gv my if
there exists 7 € G such that m; divides 7t - m,. This relation also
extends to monomials that are functions from X to (Y, <) with
finite support, where Y is any partially ordered set. We say that
aset B C K[X] is an equivariant Grobner basis of an equivariant
ideal 7 if B is equivariant, (8) = 7, and for every polynomial
p € I, there exists ¢ € B such that LM x(q) ;Cg" LMx(p) and
dom(q) € dom(p), following the definition of [15].

We say that a group action G ~ X is well-structured if the
set (Mony (X), E‘g") is well-quasi-ordered, for every well-quasi-
order (Y, <). We say that it is w-well-structured if (Mon(X), Egv)
is well-quasi-ordered.

Note that even in the case of a finite set of variables, a Grobner
basis is not necessarily an equivariant Grobner basis, because of
the domain condition. However, every equivariant Grobner basis is
a Grobner basis.

Example 2.6. Let X £ {x1,x,}, with x; <x x2, and G be the
trivial group. Let us furthermore consider the ideal 7 generated
by {x1,x2}. Then, the set B = {x; — x1, x;1} is a Grobner basis of
7, but not an equivariant Grobner basis. Indeed, x; € 7, but there
is no polynomial ¢ € B such that LM(q) C%" x, and dom(q) <
dom(xy).

3 Weak Equivariant Grobner Bases

In this section we prove that a natural adaptation of Buchberger’s
algorithm to the equivariant setting computes a weak equivariant
Grobner basis of an equivariant ideal. This can be seen as an analysis
of the classical algorithm in the equivariant setting. We assume for
the rest of the section that X is a set of indeterminates equipped
with a group G acting effectively oligomorphically on X, and that
X is equipped with a total ordering <y that is compatible with
the action of G. The crucial object of this section is the notion of
decomposition of a polynomial with respect to a set H.

Definition 3.1. Let H be a set of polynomials. A decomposition of
p with respect to H is given by a finite sequence d = ((a;, My, h;));er

such that
p= Z am;h; (1)

iel
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where a; € K, m; € Mon(X), and h; € H for all i € I. The
domain of the decomposition that we write dom(d) is defined as
the union of the domains of the polynomials m;h; for all i € I.
The leading monomial of the decomposition is defined as LM (d) =
max((LM (m;h;));ep)-

Leveraging the notion of decomposition, we can define a weak-
ening of the notion of equivariant Grobner basis, that essentially
mimics the classical notion of equivariant Grébner basis at the level
of decompositions instead of polynomials.

Definition 3.2. An equivariant set 8 of polynomials is a weak
equivariant Grobner basis of an equivariant ideal I if (8) = T,
and if for every polynomial p € 7, and decomposition d of p with
respect to B, there exists a decomposition d’ of p with respect to
B such that dom(d’) € dom(b), and such that LM (d") = LM(p).

To compute weak equivariant Grobner bases, we use a rewriting
relation. Given p, r € K[X], we write p — r if and only if there
exists ¢ € H, a € K, and m € Mon(X) such that p = amq +
r, dom(r) € dom(p), and LMy (r) =Re"'* LM x (p). To simplify
the notations, we write r < p to denote dom(r) € dom(p), and
LMy (r) CRevL LM x (p), leaving the ordered set of indeterminates
X implicit. The relation < is extended to decompositions by using
the analogues of dom and LM for decompositions.

LEmMA 3.3. The quasi-ordering < is compatible with the action
of G, and is well-founded on polynomials, and on decompositions of
polynomials.

Proor. The first property is immediate because dom, LM, and
CRevlex are compatible with the group action G. The second prop-
erty follows from the fact that =R¢V- is a total well-founded order-
ing whenever one has fixed finitely many possible indeterminates.
In a decreasing sequence, the support of the leading monomials
is also decreasing, so that sequence contains only finitely many
indeterminates, hence we conclude. The same proof works for de-
compositions. m]

As a consequence of Lemma 3.3, we know that the rewriting
relation — is terminating for every set H. Given a set H of polyno-
mials, and given a polynomial p € K[X], we say that p is normalised
with respect to H if there are no transitions p —p r. The set of
remainders of p with respect to H is denoted Rem ; (p), and is de-
fined as the set of all polynomials r such that p —y* r and r is
normalised with respect to H. The following lemma states that
Rem, (-) is a computable function from our setting.

LEMMA 3.4. Let H be an orbit finite set of polynomials, and let
p € K[X] be a polynomial. Then Rem,(p) is finite. Furthermore, this
computation is equivariant. In particular, Rem, (K) is a computable
orbit finite set for every orbit finite set K of polynomials. » Proven
p.14

Now that we have a quasi-ordering on polynomials, we prove
that given an orbit finite set H of generators, we can compute
a weak equivariant Groébner basis. The computation closely fol-
lows the classical Buchberger’s algorithm. The main idea is to
saturate the set of generators H to remove some critical pairs
of the rewriting relation —p. Namely, given two polynomials p
and q in H, we compute the set C,, of cancellations between
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p and q as the set of polynomials of the form r = anp + fmq
such that LM (r) < max(n LM (p), m LM(q)), where «, f € K, and
where 1, m € Mon(X). Let us recall that given two monomials
n,m € Mon(X), one can compute LCM(n, m) as the least com-
mon multiple of the two monomials, and that this is an equivariant
operation. Using this, we can introduce the S-polynomial of two
polynomials p and q as in Equation (2).

S(p.q) 2 LOMIMPDL M) LCM(LM(p), LM(g)
Pa)= LT(p) LT(q)

@

LEMMA 3.5 (S-PoLYNOMIALS). Let p and q be two polynomials in
K[X]. All the polynomials in C, , are obtained by multiplying a
monomial with their S-polynomial S(p,q). » Proven p.14

Remark that the S-polynomial is equivariant: if T € G, then
S(m-p,m-q) =1 S(p,q). Given a set H, we write SSet(H) =
Up,gerr Rem;(S(p, q)). We are now ready to define the saturation
algorithm that computes weak equivariant Grobner bases, described
in Algorithm 1. Let us remark that Algorithm 1 is an actual algo-
rithm (Lemma 3.6) that is equivariant.

Input: An orbit finite set H of polynomials
Output: An orbit finite set 8 that is a weak equivariant
Grobner basis of (H) g
begin
B «— H;
repeat
‘ B «— B USSet(B);
until B stabilizes;
return B;
end
Algorithm 1: Computing weak equivariant Grébner bases us-
ing the algorithm weakgb.

LEmMA 3.6. Algorithm 1 is computable and equivariant, and pro-
duces an orbit finite set B if it terminates.

Proor. Observe that it is enough to show that SSet 8 is orbit-
finite for every orbit-finite set 8. First, we compute B2, which is
an orbit finite set of pairs, because 8B is orbit finite and X is ef-
fectively oligomorphic. Then, noting that S(—, —) is computable
and equivariant, we conclude that U, 4ep S(p, q) is computable
and orbit-finite. Now, using Lemma 3.4, one can compute the set
SSet(8B), which is also orbit-finite. Furthermore, one can decide
whether the set B stabilises, because the membership of a polyno-
mial p in 8B is decidable, since G ~ X is effectively oligomorphic
and B is orbit finite. O

Let us now use the semantic assumptions to prove the termina-
tion of Algorithm 1 (Lemma 3.7) and the correctness of the resulting
orbit finite set (Lemma 3.8).

LEMMA 3.7. Assume that the action G ~ X is w-well-structured.
Then, Algorithm 1 terminates on every orbit finite set H of polynomi-
als. > Proven p.14

LEmMMA 3.8. Assume that B is the output of Algorithm 1. Then, it
is a weak equivariant Grébner basis of the ideal (H) g.

Anon.

Proor. It is clear that B is a generating set of (H) g, because
one only add polynomials that are in the ideal generated by H at
every step.

Let p € (H) g be a polynomial, and let d be a decomposition of
p with respect to B, that is, a decomposition of the form

p= Z am;p; . (3)
iel
Where a; € K, p; € B8,and m; € Mon(X), foralli € I.

Leveraging Lemma 3.3, we know that the ordering < is well-
founded. As a consequence, we can consider a minimal decomposi-
tion d” of p with respect to B such that d" < d. We now distinguish
two cases, depending on whether the leading monomial LM (d") of
the decomposition d” is equal to the leading monomial of p or not.
Case 1: LM(d") = LM(p). In this case, we conclude immedi-

ately, as we also have by assumption dom(d’) € dom(d).
Case 2: LM(d") # LM (p). In this case, it must be that the set J
the set of indices such that [ = LM (m;p;) = LM(d’) is non-
empty. Let us remark that the sum of leading coefficients of
the polynomials in J must vanish: };c; a; LC(p;) =0. Asa
consequence, the set J has size at least 2. Let us distinguish
one element x € J, and write J, = J \ {x}. We conclude
that au = = ¥;¢, @i LC(p;)/LC(p«). Let us now rewrite p

as follows:
LC(p:) )
p= Z a; (m,-pi - Mapy | + Z amp; . (4)
i€k LC(px) iel\J

Now, by definition, polynomials a;m;p; for i € I\ J have
leading monomials strictly smaller than I. Furthermore, the

polynomials m;p; — LLCC ((;fi)) M, ps for i € J, cancel their
leading monomials, hence they belong to the set C;, ,, .
By Lemma 3.5, we know that these polynomials are ob-
tained by multiplying the S-polynomial S(p;, p«) by some
monomial. Because Algorithm 1 terminated, we know that
S(pi» px) — 8" 0 by construction.

By definition of the rewriting relation, we conclude that
one can rewrite S(p;, px) as combination of polynomials in
B that have smaller or equal leading monomials, and do
not introduce new indeterminates.

We conclude that the whole sum is composed of polyno-
mials with leading monomials strictly smaller than [, and
using a subset of the indeterminates used in d’, leading to
a contradiction because of the minimality of the latter. O

As a consequence of the above lemmas, we can now conclude
that the Algorithm 1 computes a weak equivariant Grébner basis
of the ideal (H) g, as stated in Theorem 3.9.

THEOREM 3.9. Assume that the action G ~ X is w-well-structured
and satisfies our computability assumptions. Then, the algorithm
weakgb that takes as input an orbit finite set H of generators of an
equivariant ideal I and computes a weak equivariant Grobner basis
BofI.

4 Computing the Equivariant Grobner Basis

The goal of this section is to prove Theorem 1.1, that is, to show
that one can effectively compute an equivariant Grobner basis of
an equivariant ideal. To that end, we apply the algorithm weakgb
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on a slightly modified set of polynomials, and then show that the
result is indeed an equivariant Grébner basis.

Let us fix a set X of indeterminates equipped with a total ordering
<x.Wedefine ¥ £ X+X, that s, the disjoint union of two copies of
X, ordered. It is useful to refer to the first copy (lower copy) and the
second copy (upper copy), noting the isomorphism between Y and
{first, second} X X, ordered lexicographically, where first < second.
We also define forget: Y/ — X that maps a coloured variable to its
underlying variable. Beware that forget is not an order preserving
map. We extend forget as a morphism from polynomials in K[Y]
to polynomials in K[X].

Given a subset V Cg, X, we build the injection coly: X — Y
that maps variables x in V to (first, x), and variables x not in V to
(second, x). Again, we extend these maps as morphisms from K[X]
to K[Y]. We say that a polynomial p € K[Y] is V-compatible if
p € coly(K[X]). Using these definitions, we create freecol that
maps a set H of polynomials to the union over all finite subsets V'
of X of the set coly (H). Note that freecol does not equal forget™,
since we only consider V-compatible polynomials (for some finite
set V).

We are now ready to write our algorithm to compute an equi-
variant Grébner basis by computing the “conjugacy”

egh = forget o weakgb o freecol . (5)

To prove the correctness of our algorithm, let us first argue that
one can indeed compute the weak equivariant Grébner basis.

LEMMA 4.1. Assume that G ~ X is is effectively oligomorphic,
and that (Monyxq(X), E‘;") is a well-quasi-order. Then egb is a
computable function, and the function weakgb is called on correct
inputs. > Proven p.14

Let us now argue that the result of egb is indeed a generating
set of the ideal (Lemma 4.2), and then refine our analysis to prove
that it is an equivariant Grobner basis (Lemma 4.3).

Lemma 4.2. Let H C K[X], then egb(H) generates (H)g. »

Proven p.14

LEmMa 4.3. Let H C K[X], then egb(H) is an equivariant Grob-
ner basis of (H) g.

Proor. Let H, = freecol(H), By = weakgb(Hy), and B =
forget(B,). We want to prove that 8 is an equivariant Grobner
basis of (H). Let us consider an arbitrary polynomial p € (H)g,
our goal is to construct an h € B such that LM (h) C% LM (p) and
dom(h) € dom(p).

Let us define V 2 dom(p) and Hy £ coly (H). It is clear that
coly (p) belongs to (Hy). Let us write

n
colv(p) = Z aimihi
i=1
Where g; € K, m; € Mon(Y), and h; € B, is V-compatible. Such
a decomposition d exists because Hy C H, C B,.

Now, because B, is a weak equivariant Grobner basis of (Hy ),
there exists a decomposition d” of coly (p) such that LM (coly (p)) =
LM (d") CRevLeX LM (D), and dom(d”) € dom(D). In particular, d” is
a decomposition of coly (p) using only V-compatible polynomials
in B,.
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Let us consider some element (a;, m, h}) of the decomposition »’
such that LM (m;}h}) = LM (coly (p)), which exists by assumption
on d’. Since dom(m;h;) € | dom(LM (coly(p))), we conclude that
all variables of mh; are in the first copy of Y. Furthermore, since
h} is V-compatible, we conclude that all variables of h; correspond
to variables in V in the first copy of Y. Similarly, all variables of
m! correspond to variables in V in the first copy of V.

Therefore, coly (forget(h})) = h} and coly (forget(m})) = m. If
we define h = forget(h;) and m £ forget(m;), we conclude that
LM(p) = mLM(h), and dom(h) € V = dom(p). We have proven
that forget(8By) is an equivariant Grébner basis of (H) g. o

As a consequence, egb is the algorithm of Theorem 1.1, and in
particular we obtain as a corollary that one can decide the equivari-
ant ideal membership problem under our computability assump-
tions, if the set of indeterminates satisfies that (Monyx(X), E‘g")
is a well-quasi-ordered set. We can leverage these decidability re-
sults to obtain effective representations of equivariant ideals, which
can then be used in algorithms as we will see in Section 5.3.

COROLLARY 1.2. Assume that G ~ X is effectively oligomorphic
and well-structured. Then one has an effective representation of the
equivariant ideals of K[X], such that:

(1) One can obtain a representation from an orbit-finite set of
generators,

(2) One can effectively decide the equivariant ideal membership
problem given a representation,

(3) The following operations are computable at the level of repre-
sentations: the union of two equivariant ideals, the product
of two equivariant ideals, the intersection of two equivari-
ant ideals, and checking whether two equivariant ideals are
equal.

> Proven p.15

5 Applications and examples

In this section, we discuss how our main Theorem 1.1 and its Corol-
lary 1.2 can be applied in practice. First, we provide some examples
of group actions and discuss whether they satisfy our computabil-
ity assumptions and whether the divisibility relation up-to-G is a
well-quasi-ordering. We also provide an analogue of Corollary 1.2
allowing us to work in the absence of a total ordering on the set
of indeterminates X. Finally, we discuss some applications of our
results to several problems in algebra and computer science.

5.1 Examples of group actions

Many of the common examples of group actions G ~ X are ob-
tained by considering X as a set with some structure, described
by some relations and functions on that set, and G is the group
Aut(X) of all automorphisms (i.e. bijections that preserve and re-
flect the structure) of X. A monomial p € Mony (X) can be thought
of as a labelling of a finite substructure of X using elements of Y. If
the structure X is homogeneous, that is, if isomorphisms between
finite induced substructures extend to automorphisms of the whole
structure, then Eg" is the same as the embedding of labelled finite

induced substructures of X.* Let us now provide some examples of

3We refer the reader to [6, Chapter 7] and [25] for more details on homogeneous
structures.
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Example ‘ W.S. ‘ w-W.S.

Equality Atoms (5.1) | Yes Yes
Dense linear order (5.2) | Yes Yes
Dense tree (5.5) | Yes Yes

Rado graph (5.3) | No No

(
(
Integers with order (5.6) | No No
(
Infinite dim. vector space (5.4) | No No

Figure 1: Summary of the examples of group actions in Sec-
tion 5.1. Note that in all examples, being well-structured
(W.S.) is equivalent to being w-well-structured (w-W.S.).

such structures and discuss whether they satisfy our computabil-
ity assumptions, and whether the divisibility relation up-to-G is a
well-quasi-ordering.

Example 5.1 (Equality Atoms). Let A be an infinite set with-
out any additional structure other than the equality relation. Up
to isomorphism, finite induced substructures of A are finite sets,
monomials in Mony (A) are finite multisets of elements in Y, and
Ef\t"t (A) is the multiset ordering [11, Section 1.5], which is a WQO
[11, Corollary 1.21].

Example 5.2 (Dense linear order). Let Q be the set of rational
numbers ordered by the usual ordering. Note that under this order-
ing, Q is a dense linear order without endpoints. Up to isomorphism,
finite induced substructures of Q are finite linear orders, monomi-
als in Mony (Q) are words in Y* (i.e. finite linear orders labelled
with elements of Y) and l;/‘ii:t (@) 18 the scattered subword ordering,
which is a WQO due to Higman’s lemma [16].

Example 5.3 (The Rado graph). Let R be the Rado graph ([6,
Section 7.3.1],[25, Example 2.2.1]). Up to isomorphism, finite in-
duced substructures of R are finite undirected graphs, monomials
in Mony (R) are graphs with vertices labelled with Y, and Eiﬁ’t (R)
is the labelled induced subgraph ordering, even when Y is a single-
ton. For example, cycles of length more than three form an infinite
antichain.

Example 5.4 (Infinite dimensional vector space). Let V' be an
infinite dimensional vector space over F,. Up to isomorphism, finite
induced substructures of V are finite dimensional vector spaces
over F,. These are well-quasi-ordered in the absence of labelling.
However, even when Y = N, (Mony (V), E/‘iﬂ’t(,v)) is not a WQO,
as illustrated by the following antichain. Let {v1,05,...} € V
be a countable set of linearly independent vectors in V. Let &
denote the addition operation of V. For n > 3, define the monomial
Pn 205 .. 05 (0 ®02) (02 ®03) ... (Un—1 B 0,)(0n ®01). Then, {p, |
n =3,4,...} forms an infinite antichain.

The previous Examples 5.1 to 5.4 are well-known examples in
the theory of sets with atoms [6]. Let us now provide a new example
of a well-quasi-ordered divisibility relation up-to-G, by extending
Example 5.2, which relied on Higman’s lemma [16] via Kruskal’s
tree theorem [22].

Anon.

Example 5.5 (Dense Meet Tree). Let 7 denote the universal
countable dense meet-tree, as defined in [21, Page 2] or [6, Sec-
tion 7.3.3]. Note that the tree structure is given by the least common
ancestor (meet) operation, not by its edges. For a subset S € 7,
define its closure to be the smallest subtree of 7~ containing S. Up
to isomorphism, finite induced substructures of 7~ are finite meet-
trees. Monomials in Mony (77) are finite meet-trees labelled with
1+ Y. Here 1+ Y is the WQO containing one more element than Y,
which is incomparable to elements in Y, and is used to label nodes
that are in the closure of the set of variables of a monomial, but
not in the monomial itself. The divisibility relation E/‘fg’t (7 18 the
embedding of labelled meet-trees, which is a WQO due to Kruskal’s
tree theorem [22].

The above examples using homogeneous structures nicely illus-
trate the correspondence between monomials and labelled finite
substructures, although we can also consider non-homogeneous
structures, such as in Example 5.6 below.

Example 5.6. Let Z be the set of integers ordered by the usual
ordering. Then Aut(Z) is the set of all order-preserving bijections
of Z. Note that every order-preserving bijection of the set Z isa
translation n = n + ¢ for some constant ¢ € Z. By definition, the
action Aut(Z) ~ Z preserves the linear order on Z. However,
(Mony(Z), Eiﬁt(z)) is not a WQO, even when Y is a singleton.
An example of an infinite antichain is the set {ab | b € Z \ {a}},
for any fixed a € Z.

Recall that in our computability assumptions, we require the
action G ~ X to be effectively oligomorphic. It is already known
that all the structures of the upcoming Examples 5.1 to 5.5 are
oligomorphic [6, Theorem 7.6]. The other examples are not w-well-
structured, hence we will not verify effective oligomorphicity for
them. Let us argue on an example that they are effectively oligo-
morphic. It is clear that Q can be represented by integer fractions,
and that the orbit of a tuple (q1, ¢z, . ..,qn) of rational numbers
is given by their relative ordering in Q, which can be effectively
computed. Finally, one can enumerate such orderings and produce
representatives by selecting n integers. This can be generalised
to all the structures mentioned in Examples 5.1 to 5.5, by using
dedicated representations (such as [6, Page 244-245] for 7"), or the
general theory of Fraisse limits [10].

5.2 Closure properties

In this section, we are interested in listing the operations on sets
of indeterminates equipped with a group action that preserve our
computability assumptions and the well-quasi-ordering property,
ensuring that our Theorem 1.1 can be applied. Indeed, it is often
tedious to prove that a given group action G ~ X satisfies the
computability assumptions and the well-quasi-ordering property,
and we aim to provide a list of operations that preserve these
properties, so that simpler examples (Examples 5.1, 5.2 and 5.5) can
serve as building blocks to model complex systems.

Structural operations. Let us first focus on three standard
operations on sets of indeterminates: the disjoint sum (which was
already at play in Section 4), the direct product (which will fail
to preserve our assumptions), and its variant, the lexicographic
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product. For the remainder of this section, we fix a pair of group
actions H ~ X and G ~ Y, where X is equipped with a total
order <x and Y is equipped with a total order <y.

The disjoint sum X+ is the disjoint union of X and Y, equipped
with the total order obtained by stating that all elements of X are
smaller than all elements of Y, and preserving the original orderings
inside X and Y. The group G x H acts on X + Y by acting as H
onXandasGonY.

LEMMA 5.7. IfG ~ X and H ~ Y are well-structured (resp.
effectively oligomorphic), then soisG X H ~ X + Y.

Proor. The divisibility up to G X H order is essentially the dis-
joint sum of the orders E‘;V and Ef}i{v, hence is a WQO if both orders
are WQOs [11, Lemma 1.5]. Furthermore, it is well known that the
disjoint sum of two oligomorphic actions is itself oligomorphic.

Let us now check that the action is effectively oligomorphic
when both actions are. It is straightforward to verify that the action
defined is compatible with the total ordering on the set of indeter-
minates. To list representatives of the orbits in (X + Y)" for a fixed
n € N, we can list representatives ux of the orbits in X=", represen-
tatives uy of the orbits in Y =", and words Utag € {0,1}", and con-
sider triples (ux, Uy, utag) such that |ux| + [uy| = n, |uwglo = |ux],
and |ugli = |uy|. It is straightforward to verify that one can effec-
tively decide whether two such triples are in the same orbit. O

The direct product XX is the Cartesian product X XY, equipped
with the lexicographic ordering defined as

(x1,y1) <xxy (x2,92) if x1 <x xz0or (x1 =xz and y; <y v2) .
The group G X H acts on X x Y by acting as H on the first com-
ponent and as G on the second component.

LEMMA 5.8. When X and Y are infinite, (Mong (X x Y), EEVX,H)
is not a WQO, even with Q = {0, 1}.

ProOF. We restate the antichain given in [15, Example 10], that
will also be used in Remark 6.10 of Section 6 when discussing
the undecidability of the equivariant ideal membership problem.
Let {x1,x3,...} and {y1,y2, ...} be infinite subsets of X and Y
respectively. For n = 3,4, ..., let ¢, be the monomial

¢n = (x1, Y1) (X1, y2) (%2, Y2) (%2, y3) =+ (X, Yn) (X, Y1) -

Then {c¢, | n =3,4,...} is an infinite antichain. O

The failure to consider direct products is somewhat unfortunate,
and motivates the introduction of the lexicographic product X ® Y,
whose underlying set is also X x Y, with the same lexicographic
ordering as the direct product, but where the group G®H is defined
as pairs (71, (0%)xex), where 7 € G and 0* € H for every x € X,
and where the multiplication is defined as

(711, (07)we ) (T2, (05 )xex) = (7, (672 6%)eex) . (6)

This group is sometimes called the wreath product or semidirect
product of G and H. It acts on X ® Y as

(70 (0M)xex) - ('.y) = (- x, 0™ - y) ()
for every (x’,y’) € X ® M. Essentially, it means that every element

x € X carries its own copy {x} X Y of the structure Y, and one
can act independently on different copies of the structure Y.
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LEMMA 5.9 ([15, LEmmAs 9 AND 39]). IfG ~ X and H ~ Y are
well-structured (resp. effectively oligomorphic), then so is (GO H) —~
(X xY).

COROLLARY 5.10. The class of group actions satisfying our com-
putability assumptions and well-quasi-ordering property is closed
under disjoint sums and lexicographic products, but not under direct
products.

Reducts and nicely orderable actions. Another important
operation on group actions is the notion of reduct, which allows one
to encode actions that do not preserve a linear order into actions
that do. We say that G ~ X is a reduct of another group action
H ~ Y if there exists a bijection f: X — Y such that, for every
® € H, we have some 7t € G such that ™' 0 0 o f acts like 7 on X.
This is called an effective reduct if f is computable.

THEOREM 5.11. Let H ~ Y be an action satisfying the require-
ments of Corollary 1.2, and let G ~ X be an effective reduct of
H ~ Y. Then one has an effective representation of the equivariant
ideals of K[X] satisfying the properties of Corollary 1.2.

Theorem 5.11 implies that one can apply our results to an action
G ~~ X that does not preserve a linear order, as soon as it is a
reduct of some other action H ~ X which preserves a linear order.
For example, Aut (A) ~ A is a reduct of Aut(Q) ~ Q assuming
A is countable. Similarly, let 7= be the countable dense-meet tree
with a lexicographic ordering, as defined in [21, Remark 6.14].*
Let G be the group of bijections of < which do not necessarily
preserve the lexicographic ordering. Then G ~ 7 is isomorphic to
Aut(7) ~ 7, and hence Aut(7) ~ 7 is a reduct of Aut(7<) ~
T<.

We say that an action G ~ X is nicely orderable if there exists
another action H ~ Y such that G ~ X is areduct of H ~ Y,
H ~ Y preserves a linear order on Y, and H ~ Y satisfies
our computability assumptions. In the case of actions originating
from homogeneous structures, it is conjectured that being well-
structured is equivalent to being nicely orderable [29, Problems
12].

5.3 Applications

Polynomial computations. The fact that (finite control) sys-
tems performing polynomial computations can be verified follows
from the theory of Grébner bases on finitely many indeterminates
[4, 28]. There were also numerous applications to automata theory,
such as deciding whether a weighted automaton could be deter-
minised (resp. desambiguated) [3, 31]. We refer the readers to a
nice survey recapitulating the successes of the “Hilbert method”
automata theory [7]. A natural consequence of the effective com-
putations of equivariant Grébner bases is that one can apply the
same decision techniques to orbit finite polynomial computations.
For simplicity and clarity, we will focus on polynomial automata
without states or zero-tests [4], but the same reasoning would apply
to more general systems.

Before discussing the case of orbit finite polynomial automata, let
us recall the setting of polynomial automata in the classical case, as

4The remark says that finite meet-trees expanded with a lexicographic ordering is a
Fraisse class, from which it follows that there exists a Fraisse limit 7= for that class.
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studied by [4], with techniques that date back to [28]. An polynomial
automaton is a tuple A = (Q, %, 8, qo, F), where Q = K” for some
finite n € N, X is a finite alphabet, §: Q X X — Q is a transition
function such that §(-, a); is a polynomial in the indeterminates
qi1,-..,qn for every a € ¥ and every i € {1,...,n}, qo € Q is the
initial state, and F: Q — K is a polynomial function describing the
final result of the automaton. The zeroness problem for polynomial
automata is the following decision problem: given a polynomial
automaton A, is it true that for all words w € ¥*, the polynomial
F(8%(qo,w)) is zero? It is known that the zeroness problem for
polynomial automata is decidable [4], using the theory of Grobner
bases on finitely many indeterminates.

Let us now propose a new model of computation called orbit
finite polynomial automata, and prove an analogue decidability
result. Let us fix an effectively oligomorphic action G ~ X, such
that there exist finitely many indeterminates V' Cg, X such that
G acts as the identity on V. Given such a function f: X — K, and
given a polynomial p € K[X], we write p(f) for the evaluation
of p on f, which belongs to K. Let us emphasise that the model is
purposely designed to be simple and illustrate the usage of equi-
variant Grobner bases, and not meant to be a fully-fledged model
of computation.

Definition 5.12. An orbit finite polynomial automaton over K
and X is a tuple A = (Q,d,qo, F), where Q = X — K, gy € Q
is a function that is non-zero for finitely many indeterminates,
S: XXX K[X] is a polynomial update function, and F € K[V]
is a polynomial computing the result of the automaton.

Given a letter a € X and a state ¢ € Q, the updated state
6"(a,q) € Q is defined as the function from X to K defined by
8" (a,q): x — 8(a, x)(q). The update function is naturally extended
to words. Finally, the output of an orbit finite polynomial automaton
on a word w € X* is defined as F(5*(w, qo)).

Orbit finite polynomial automata can be used to model programs
that read a string w € X* from left to right, having as internal
state a dictionary of type dict[indet, number], which is updated
using polynomial computations. As with polynomial automata,
the zeroness problem for orbit finite polynomial automata is the
following decision problem: decide if for every input word w, the
output F(5*(w, qo)) is zero.

The orbit finite polynomial automata model could be extended
to allow for inputs of the form X* for some k € N, or even be
recast in the theory of nominal sets [6]. Furthermore, leveraging
the closure properties of Corollary 5.10, one can also reduce the
equivalence problem for orbit finite polynomial automata to the
zeroness problem, by considering the sum action on the registers to
compute the difference of the two results. We leave a more detailed
investigation of the generalisation of polynomial automata to the
orbit finite setting for future work.

THEOREM 5.13 (ORBIT FINITE POLYNOMIAL AUTOMATA). Let X be
a set of indeterminates that satisfies the computability assumptions
and such that (Mony (X), E‘g") is a well-quasi-ordering, for every
well-quasi-ordered set (Y, <). Then, the zeroness problem is decidable
for orbit finite polynomial automata over K and X.

Reachability problem of reversible data Petri nets. The
classical model of Petri nets was extended to account for arbitrary
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data attached to tokens to form what is called data Petri nets. We
will not discuss the precise definitions of these models, but point
out that a reversible data Petri net is exactly what is called a mono-
mial rewriting system [15, Section 8]. Because reachability in such
rewriting systems can be decided using equivariant ideal member-
ship queries [15, Theorem 64], we can use Theorem 5.11 to show
Theorem 5.14. Note that monomial rewrite systems will be at the
centre of our undecidability results in Section 6.

THEOREM 5.14 (REACHABILITY IN REVERSIBLE DATA PETRI NETS).
For every nicely orderable group action G ~ X, the reachability
problem for reversible Petri nets with data in X is decidable.

Remark 5.15. The decidability of reachability for Petri nets with
equality data is still open, and for ordered data this problem is
known to be undecidable [32, Proposition 1 and Section 5.2]. The-
orem 5.14 implies both of these become decidable when the Petri
net is assumed to be reversible.

Orbit-finite systems of equations. The classical theory of
solving finite systems of linear equations has been generalised
to the infinite setting by [14], [15, Section 9]. In this setting, one
considers an effectively oligomorphic group action G ~ X, and
the vector space LIN(X") generated by the indeterminates X" over
K. An orbit-finite linear system of equations asks whether a given
vector u € LIN(X™) is in the vector space generated by an orbit-
finite set of vectors V in LIN(X™) [15, Section 9]. It has been shown
that the solvability of these systems of equations reduces to the
equivariant ideal membership problem [15, Theorem 68], and as
a consequence of this reduction and Theorem 5.11 we obtain the
following theorem.

THEOREM 5.16 (SOLVABILITY OF ORBIT-FINITE SYSTEMS OF EQUA-
TIONS). For every nicely orderable group action G ~ X, the solv-
ability problem for orbit-finite systems of equations is decidable.

Previously, solvability of orbit-finite systems of equations were
studied mostly for specific structures. In particular, [14, Theorem
6.1] shows it to be decidable for equality atoms. Specific versions of
this problem for ordered atoms were studied by [20]. Finally, [15]
showed it to be decidable for ordered atoms, and also showed that
decidability is preserved under taking lexicographic product. We
generalise all these results to nicely orderable group actions.

6 Undecidability Results

In this section, we aim to show that the equivariant ideal mem-
bership problem is undecidable under the usual computability
assumptions on the group action, when we do not assume that
(Mon(X), Eg") is a well-quasi-ordering. In particular, this would
show that computing equivariant Grobner bases is not possible
in these settings, proving the optimality of our decidability Theo-
rem 1.1. Beware that there are some pathological cases where the
equivariant ideal membership problem is easily decidable, even
when (Mon (X), E‘gv) is not a well-quasi-ordering, as illustrated by
the following Example 6.1, and it is not possible to obtain such a
dichotomy result without further assumptions on the group action.

Example 6.1. Let X = {x1,x3, ...} be an infinite set of indetermi-
nates, and let G be trivial group acting on X. Then, the equivariant
ideal membership problem is decidable. Indeed, since the group is
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Equivariant Grébner bases

trivial, whenever one provides a finite set H of generators of an
equivariant ideal I, one can in fact work in K[V], where V is the
set of indeterminates that appear in H. Then, the equivariant ideal
membership problem reduces to the ideal membership problem in

K[V], which is decidable.

However, we are able to prove the undecidability of the equi-
variant ideal membership problem under the assumption that the
set of indeterminates X contains an infinite path P = (x;);en € X,
that is, a set of indeterminates such that (x;, x;) € P? is in the same
orbit as (xy, x1) if and only if |i — j| = 1, for all i, j € N. We similarly
define finite paths by considering finitely many elements. The pro-
totypical example of a set of indeterminates containing an infinite
path is X = Z equipped with the group G of all shifts. The presence
of an infinite path clearly prevents (Mon(X), E‘gv) from being a
well-quasi-ordering, as shown by the following Remark 6.2. Further-
more, for indeterminates obtained by considering homogeneous
structures and their automorphism groups (Section 5.1), the ab-
sence of an infinite path has been conjectured to be a necessary and
sufficient condition for (Mon (X), E‘;;V) to be a well-quasi-ordering:
this follows from a conjecture of Schmitz restated in Conjecture 6.3.

Remark 6.2. Assume that X contains an infinite path P = (x;) ey
Then, the set of monomials {x}x] - - - x,_,x% | n € N} is an infinite
antichain in (Mon (X), E‘;"). Indeed, assume that there exists n <

m, and a group element 7t € G such that 7t - m, C9 m,,. Then,
T - Xo = Xo, because it is the only indeterminate with exponent 3
in m,,. Furthermore, 7t - (x0, x1) = (x;, x;) implies that |i — j| = 1,
and since 71 - xy = X, we conclude 7 - x; = x;. By an immediate
induction, we conclude that 7t - x; = x; for all 0 < i < n, but then
we also have that the degree of 7t - x, is less than 2 in m,,, which
contradicts the fact that 7t - m,, T m,,

CONJECTURE 6.3 (ScHMITZ). Let C be a class of finite relational
structures. Then, the following are equivalent:

(1) The class of structures of C labelled with any well-quasi-
ordered set (Y, <) is itself well-quasi-ordered under the labelled-
induced-substructure relation.

(2) For every existential formula ¢(x,y), there exists N, € N,
such that ¢ does not define paths of length greater than N,
in the structures of C.

Where a formula defines a path of length n in a structure if there exists
n distinct elements a, . . ., a,—1 in the structure such that ¢(a;, a;)
holds if and only if |i — j| = 1.

Monomial Reachability. The undecidability results we will
present in this section regarding the equivariant ideal membership
problem will use the polynomials in a very limited way: we will
only need to consider monomials, and there will even be a bound
on the maximal exponent used. Before going into the details of our
reductions, let us first introduce an intermediate problem that will
be easier to work with: the (equivariant) monomial reachability
problem.

Definition 6.4. A monomial rewrite system is a finite set of pairs
of the form {m, m’} where m, m’ € Mon (X). The monomial reach-
ability problem is the problem of deciding whether there exists a
sequence of rewrites that transforms m; into m; using the rules of
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a monomial rewrite system R, where a rewrite step is a pair of the
form

n(rt-m) ogn(n-m’)if {m,m'} e Randnte G

Example 6.5. Let X = N and G be the set of all bijections of X.
Then, the rewrite system xfxg SR xf satisfies m <—>;,‘2 xl2 if and

only if m has all its exponents that are multiple of 2.

The following Lemma 6.6 shows that the monomial reachability
problem can be reduced to the equivariant ideal membership prob-
lem, and follows the exact same reasoning as in the case of finitely
many indeterminates [26]. This reduction was also noticed in [15,
Theorem 64].

LEMMA 6.6. Assuming that K = Q, one can solve the monomial
reachability problem provided that one can solve the equivariant ideal
membership problem.

In order to show that the equivariant ideal membership problem
is undecidable, it is therefore enough to show that the monomial
reachability problem is undecidable. To that end, we encode the
Halting problem of a Turing machine. There are two main obstacles
to overcome: first, the reversibility of the rewriting system, which
can be (partially) solved by considering a reversible version of a
deterministic Turing machines, as explained in [13, Simulation by
bidirected systems, p. 15]; and second, the fact that the configura-
tions of the Turing machine cannot straightforwardly be encoded
as monomials due to the commutativity of the multiplication.

Structures Containing Paths. Let us assume for the rest of this
section that X is a set of indeterminates that contains an infinite
path, let us fix a binary alphabet % £ {q, b}. Given a finite path P =
(%i)o<i<an> we define a function [-]p: =" — Mon(X), where T isa
finite alphabet, that encodes a word u € =" as a monomial. Namely,
we define inductively [] 2 1, [au]p = xjx?x)x3 (shift.s- [u] p) and
[bu] p = xgxlxZx3 (shiftys - [u] p) for all u € =*, where shift, acts
on P by shifting the indices by k.5 Let us remark that monomial
rewriting applied on word encodings can simulate (reversible) string
rewriting on words of a given size.

LEMMA 6.7. Let P, Q be two finite paths in X, such that (po, p1) is
in the same orbit as (qo, q1). Letu,0,w € E* be three words, such that
lu| = |v|] < |wl|, and let n € Mon(X) be a monomial. Assume that
there exists 7t € G such that [w]p = m(r- [u] ), n =m(7- [o]5),
and that [w]p, [u], and [v], are well-defined. Then, there exists

X,y € ¥ such that xuy = w and [xvy], =n. » Proven p.15

Lemma 6.7 shows that all encodings using finite paths with the
same initial orbit are compatible with each other for the purpose
of monomial rewriting. Let us now assume that the alphabet is any
finite set of letters, using a suitable unambiguous encoding of the
alphabet in binary [5]. This bigger alphabet size simplifies the state-
ment and proof of the following Lemma 6.8, which explains how
to simulate a reversible Turing machine using monomial rewrit-
ing. Given a reversible Turing machine M with a finite set Q of
states and tape alphabet X, we consider the following alphabet
I £ {4} X {pre,run, post} ¥ QW3 W {0, 0y, 0z }. The letter O is a
blank symbol, and the letters < and » are used to delimit the begin-
ning and the end of the tape, with some extra “phase information”.

There may be no element 7t € G that acts like shift,, we only use it as a function.
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In a first monomial rewrite system, we encode a run of a reversible
Turing machine M on a fixed size input tape (Lemma 6.8), and in a
second monomial rewrite system, we create a tape of arbitrary size
(Lemma 6.9). The union of these two monomial rewrite systems
is then used to prove the undecidability of the equivariant ideal
membership problem in Theorem 1.3.

LEMMA 6.8. Let us fix (xo, x1) a pair of indeterminates. There exists

a monomial rewrite system Ryy such that the following are equivalent
for everyn > 1, and for any finite path P of length 4(n + 2) such that
(po, p1) is in the same orbit as (xg, x1):

(1) H>mnq0Dn—1<mnﬂP H}M ﬂ>ruanun—1<runﬂp’

(2) M halts on the empty word using a tape bounded by n — 1

cells.

Furthermore, every monomial that is reachable from [»"*"q,0"~1<P™] ,
or [>"“*q 0" 1<a™"] , is the image of a word of the form [>"""u<""]
whereu € (QW X wO)". » Proven p.15

Lemma 6.8 shows that one can simulate the runs, provided we
know in advance the maximal size of the tape used by the reversible
Turing machine. The key ingredient that remains to be explained
is how one can start from a finite monomial m and create a tape of
arbitrary size using a monomial rewrite system. The difficulty is
that we cannot ensure that we follow one specific finite path when
creating the tape.

LEMMA 6.9. Let (xo,x1) be a pair of indeterminates, P be a finite
path such that (po, p1) is in the same orbit as (xo, x1). There exists
a monomial rewrite system Ryye such that for every monomial m €
Mon (X), the following are equivalent:

i
(1) [rreoooe<™], (_);pre m and [»""]p, TV m for some
finite path P’ such that (py, p}) is in the same orbit as (xo, x1).
(2) There existsn > 2 and a finite path P’ such that (py, p7) is
in the same orbit as (xo, x1), and m = [»"™"qo0"<""] p, .
Similarly, there exists a monomial rewrite system Ryost With analogue
properties using qr instead of qp. > Proven p.15

THEOREM 1.3 (UNDECIDABILITY OF EQUIVARIANT IDEAL MEMBER-
sHIP). Let X be a totally ordered set of indeterminates equipped with
a group action G ~ X, under our computability assumptions. If
X contains an infinite path then the equivariant ideal membership
problem is undecidable.

Proor. It suffices to combine the rewriting systems Ry, Rpre
and Rpost by taking their union. O

Remark 6.10. The undecidability result of Theorem 1.3 gener-
alises to a relaxed notion of infinite path. Given finitely many orbits
01, ..., Ok of pairs of indeterminates, a relaxed path is a set of inde-
terminates such that (x;, x;) belongs to one of the orbits Oy if and
onlyif |i — j| =1foralli,j € N.

Remark 6.11. Given an oligomorphic set of indeterminates X, it
is equivalent to say that X contains an infinite path or to say that
it contains finite paths of arbitrary length. » Proven p.16

Example 6.12. The Rado graph, as introduced in Example 5.3,
contains an infinite path P. Indeed, the Rado graph contains every
finite graph as an induced subgraph, and in particular, it contains ar-
bitrarily long finite paths. As a consequence of Theorem 1.3, which
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applies thanks to Remark 6.11, we conclude that the equivariant
ideal membership problem is undecidable for the Rado graph.

Example 6.13. Let X be an oligomorphic infinite set of indetermi-
nates. Then X X X contains a (generalised) infinite path as defined
in Remark 6.10. > Proven p.16

7 Concluding Remarks

We have given a sufficient condition for equivariant Grobner bases
to be computable, under natural computability assumptions, and
we have shown that our sufficient condition is close to being opti-
mal since the undecidability of the equivariant ideal membership
problem can be derived for a large class of group actions that do
not satisfy our condition. Let us now discuss some open questions
and conjectures that arise from our work.

Total orderings on the set of indeterminates. We assumed
that the indeterminates X were equipped with a total ordering
<x that is preserved by the group action. This assumption seems
necessary, as the notions of leading monomials would no longer
be well-defined without it. However, we do not have a clear under-
standing of whether this assumption is vacuous or not. Indeed, as
noticed by [15, Lemma 13], and Theorem 5.11, it often suffices to
extend the structures of the indeterminates to account for a total
ordering. A conjecture of Pouzet [29, Problems 12] states that such
an ordering always exists, and this was remarked by [15, Remark
14]. Note that in this case, one would get a complete characterisa-
tion of the group actions for which the equivariant Hilbert basis
property holds [15, Property 4].

Complexity. In the present paper, we focused on the decid-
ability of the equivariant ideal membership problem and the com-
putability of equivariant Grébner bases. However, we have not
addressed the complexity of such problems, and adapted only the
most basic algorithms for computing Grébner bases. It would be
interesting to know, on the theoretical side, whether one can ob-
tain complexity lower bounds for such problems, but also on the
more practical side whether advanced algorithms like Faugere’s
algorithm [12] can be adapted to the equivariant setting and yield
better performance in practice.

Equivariant algebraic geometry. The development of equi-
variant Grobner bases opens the door to the study of other classical
results from algebraic geometry to the equivariant setting. In par-
ticular, the status of the fundamental result of algebraic geometry,
Hilbert’s Nullstellensatz, that relates ideals and varieties (sets of
common zeros of polynomials), is still unclear in the equivariant
setting. Other classical notions, such as the one of Krull dimension,
also deserve to be investigated from the equivariant point of view.
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A Proofs of Section 3

LEMMA 3.5 (S-PoLYNOMIALS). Let p and q be two polynomials in
K[X]. All the polynomials in C, 4 are obtained by multiplying a
monomial with their S-polynomial S(p, q).

PROOF OF LEMMA 3.5 AS STATED ON PAGE 6. Letp, q € K[X],and
letr € C, 4. By definition, there exists o, f € Kand 1, m € Mon(X)
such that r = anp+pmgqand LM (r) < max(n LM (p), m LM (g)).In
particular, we conclude that LM (np) = LM (mgq), and that a LC (np)+
pLC(mgq) =0.

Let us write A = LCM(LM(p), LM(q)). Because LM(np) =
LM (mgq), there exists a monomial | € Mon (X) such that LM (np) =
IA = LM (mgq). Furthermore, we know that LC(p)f = —LC(q)a.
As a consequence, one can rewrite r as follows:

r=1laLC(p) q| =laLC(p) xS(p.q) -

A A
() P 7 1(g

We have concluded. » Back to p.6 ]

LEMMA 3.4. Let H be an orbit finite set of polynomials, and let
p € K[X] be a polynomial. Then Rem,(p) is finite. Furthermore, this
computation is equivariant. In particular, Rem, (K) is a computable
orbit finite set for every orbit finite set K of polynomials.

PROOF OF LEMMA 3.4 AS STATED ON PAGE 5. Let us write
H = orbitg(H'),
where H’ is a finite set of polynomials. Because the relation —p
is terminating, it suffices to show that for every polynomial p,
there are finitely many polynomials r such that p —p r, leveraging
Konig’s lemma. This is because p —p r implies that p = an(7t-q)+r
for some ¢ € H', ¢ € K, n € Mon(X), and m € G. Because,
LM (r) =RevkeX LM (p), we conclude that LM (p) = LM (an(7 - q)),
and therefore r is uniquely determined by the choice of ¢ € H’ and
the choice of 71 € G that maps the domain of g to the domain of p.
There are finitely elements in H” and finitely many such functions
from dom(q) to dom(p) because both domains are finite. » Back
to p.5 O

LEMMA 3.7. Assume that the action G ~ X is w-well-structured.
Then, Algorithm 1 terminates on every orbit finite set H of polynomi-
als.

PROOF OF LEMMA 3.7 AS STATED ON PAGE 6. Let (Hy), < be the
sequence of (orbit finite) sets of polynomials computed by Algo-
rithm 1. We associate to each set H, the set L, of characteristic
monomials of the polynomials in H,,. Because the set of monomials
is a WQO, and because the sequences are non-decreasing for in-
clusion, there exists an n € N such that, for every m € L,.1, there
exists n € L,, such that n E‘gv m.

We will prove that H,,,; = H, by contradiction. Assume towards
this contradiction that there exists some r € H,1\ H,. By definition
of Hyy1, there exists p,q € Hy, such that r € Remy (S(p,q)). In
particular, r is normalised with respect to H,,. However, because
r € Hy+1, CM(r) € Ly41, and therefore there exists n € L, such
that n T CM (r). This provides us with a polynomial t € H,, and
an element 7t € G such that CM(t) T4 7. CM(r). Because H,
is equivariant, we can assume that 7t is the identity. Hence, there
exists 1 € Mon(X) such that CM(¢) X n = CM(r). This means
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that for every indeterminate x € dom(¢) we have x € dom(r),
and then that LM (t) £% LM (r) by definition of the characteristic
monomial. Therefore, one can find some @ € K such that the
polynomial r’ = r —ant satisfies v’ < r, and in particular, r —p, r’.
This contradicts the fact that r is normalised with respect to H,. »
Back to p.6 [m]

B Proofs of Section 4

LEmMMA 4.1. Assume that G ~ X is is effectively oligomorphic,
and that (Monpx(X), Eg") is a well-quasi-order. Then egb is a
computable function, and the function weakgb is called on correct
inputs.

PROOF OF LEMMA 4.1 AS STATED ON PAGE 7. We need to prove
that the set freecol(H) is computable and orbit finite, that K[Y]
satistfies the computability assumptions of weakgb, and that the set
(Mon (Y), E‘gv) is a well-quasi-ordered set. Finally, we also need
to prove that if H is orbit finite, forget(H) is computable and orbit
finite.

Let us start by proving that freecol(H) is computable and orbit
finite. Because H is orbit finite, there exists a finite set Hy C H of
polynomials such that orbit (Hp) = orbit(H). Then, let us remark
that freecol(Hp) can be obtained by considering all finite subsets
V of variables that appear in Hy, which is a computable finite set.
As a consequence, freecol(Hp) is computable, and since freecol is
equivariant, orbit (freecol(Hy)) = freecol(orbit (Hy)) = freecol (H).

Let us now focus on the set K[Y]. First, it is clear that G is
compatible with the ordering on Y by definition of the action, and
because G was compatible with the ordering on X. Then, the action
of G on Y is effectively oligomorphic since orbits of tuples of Y
can be identified with orbits of tuples of X together with a coloring
in two colors, which is a finite amount of extra information.

Let us now prove that (Mon(Y), E‘g") is a well-quasi-ordered
set. A monomial in Mon (Y) naturally corresponds to a monomial
in Monyx(X), where the two exponents are respectively the one
of the lower copy and the one of the upper copy of the variable.
Because (Monpx (X), Eg") is a well-quasi-ordered set, we imme-
diately conclude that (Mon (Y), E‘;iv) is a well-quasi-ordered set.

Finally, let us prove that forget(H) is computable and orbit finite.
This is clear because forget simply consists in forgetting the color
of the variables. » Back to p.7 O

Lemma 4.2. Let H C K[X], then egb(H) generates (H)g.

PROOF OF LEMMA 4.2 AS STATED ON PAGE 7. Let us remark that
forget(freecol(H)) =H . (8)

Since weakgb(freecol(H)) generates the same ideal as freecol (H),
and since forget is a morphism, we conclude that the set of poly-
nomials forget(weakgb(freecol(H))) generates the same ideal as
forget(freecol(H)) = H. » Back to p.7 O

COROLLARY 1.2. Assume that G ~ X is effectively oligomorphic
and well-structured. Then one has an effective representation of the
equivariant ideals of K[ X], such that:

(1) One can obtain a representation from an orbit-finite set of
generators,
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(2) One can effectively decide the equivariant ideal membership
problem given a representation,

(3) The following operations are computable at the level of repre-
sentations: the union of two equivariant ideals, the product
of two equivariant ideals, the intersection of two equivari-
ant ideals, and checking whether two equivariant ideals are
equal.

ProOOF OF COROLLARY 1.2 AS STATED ON PAGE 2. Most of this state-

ment follows from Theorem 1.1, using equivariant Grobner bases
as a representation of equivariant ideals. Indeed, because N x N
is a well-quasi-ordered set, we conclude (Monyxp (X), Ecg") isa
well-quasi-ordered set too. The only non-trivial part is the fact that
one can compute an equivariant Grébner basis of the intersection
of two equivariant ideals. To that end, we will adapt the classical
argument using Grobner bases to the case of equivariant Grobner
bases [9, Chapter 4, Theorem 11].

Let I and J be two equivariant ideals of K[X], respectively rep-
resented by equivariant Grébner bases B; and B;. Let t be a fresh
indeterminate, and let us consider Y = X + {t}, that is, the disjoint
union of X and {t}, where ¢ is greater than all the variables in X.

We construct the equivariant ideal T of K[Y], generated by all
the polynomials tXh;, and (1—t)xh;, where h; ranges over By and h;
ranges over B;. It is clear that TNK[X] = INJ. Now, because of the
hypotheses on X, we know that one can compute the equivariant
Grobner basis By of T by applying egb to the generating set of T.
Finally, we can obtain the equivariant Grobner basis of I N J by
considering By N K[X], that is, selecting the polynomials of By
that do not contain the indeterminate t, which is possible because
Br is an orbit-finite set and K[Y] is effectively oligomorphic. »
Back to p.2 O

C Proofs of Section 6

LEMMA 6.7. Let P, Q be two finite paths in X, such that (po, p1) is
in the same orbit as (qo, q1). Letu,0,w € X* be three words, such that
lu| = |o| < |w|, and let n € Mon(X) be a monomial. Assume that
there exists 7t € G such that [w]p = m(7- [u]p), n = m(7- [o]y),
and that [w]p, [u], and [v], are well-defined. Then, there exists
X,y € 2* such that xuy = w and [xvy], = 1.

PROOF OF LEMMA 6.7 AS STATED ON PAGE 11. Letus write 7t-qp =
pr for some k € N. Because the only indeterminates with degree 4
in [w]p are the ones of the form p4;, we have that k is a multiple
of 4 (i.e. at the start of a letter block). Since (qo, g1) is in the same
orbit as (po, p1), and both P and Q are finite paths, we conclude
that 7t (qo, 1) = (P4i» Pai+1) OF 7 - (g0, q1) = (Paiv1, Pai-1)- Apply-
ing the same reasoning, thrice, we have either 7t - (qo, 1, 92, g3) =
(Pai> Pai+1, Pai+2s Pair3) Or TT(qo, q1, G2, q3) = (Pais Pai—1, Pai—2, Pai—3)-
However, in the second case, the exponent of ps;—3 in [w]p is at
most 2, which is incompatible with the fact that the one of g5 in
[ul o is 3. By induction on the length of u, we immediately obtain
that 7t - [u], = shift.4; - [u]p and therefore that w = xuy for some
x,y € X*. Finally, because [[v]]Q uses exactly the same indetermi-
nates as [u] 5, we can also conclude that [xoy[, =n. = Back to
p.11 O
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LEMMA 6.8. Let us fix (xo, x1) a pair of indeterminates. There exists

a monomial rewrite system Rys such that the following are equivalent
for everyn > 1, and for any finite path P of length 4(n + 2) such that
(po, p1) is in the same orbit as (xo, x1):

(l) [[brunqoun—lqrunﬂp (_)I?M [[bmanljn_l<lmn]]},,

(2) M halts on the empty word using a tape bounded by n — 1

cells.

Furthermore, every monomial that is reachable from [>""qo0" =1 <P™¢] ,
or [""q0" 1™, is the image of a word of the form [>""u<""],
whereu € (Q¥ X WO)".

PROOF OF LEMMA 6.8 AS STATED ON PAGE 12. Transitions of the
deterministic reversible Turing machine using bounded tape size
can be modelled as a reversible string rewriting system using finitely
many rules of the form u < o, where u and v are words over
(Q WX w0O) having the same length ¢. For each rule u < v, we
create rules [u]p ©g,, [v]p for every finite path P of length 4¢.
Note that there are only orbit finitely many such finite paths P, and
one can effectively list some representatives, because X is effectively
oligomorphic. This system is clearly complete, in the sense that one
can perform a substitution by applying a monomial rewriting rule,
but Lemma 6.7 also tells us it is correct, in the sense that it cannot
perform anything else than string substitutions. Furthermore, we
can assume that the reversible Turing machine starts with a clean
tape and ends with a clean tape. » Back to p.12 O

LEMMA 6.9. Let (xo,x1) be a pair of indeterminates, P be a finite
path such that (po, p1) is in the same orbit as (xo, x1). There exists
a monomial rewrite system Ry such that for every monomial m €
Mon(X), the following are equivalent:

(1) [Preoopoe<?™]p <—>;m m and [»™"] E‘gv m for some
Sfinite path P’ such that (pg, p;) is in the same orbit as (xo, x1).
(2) There existsn > 2 and a finite path P" such that (pg, p}) is
in the same orbit as (xo, x1), and m = [p"*"ge0"<""] ,,
Similarly, there exists a monomial rewrite system Ryos with analogue
properties using qy instead of qo.

PROOF OF LEMMA 6.9 AS STATED ON PAGE 12. We create the fol-
lowing rules, where P; and P, range over finite paths such that their
first two elements are in the same orbit as (x, x1), and assuming
that the indeterminates of P; and P, are disjoint:

(1) Cell creation:
[[Dpre‘:‘ﬂpl [['31‘:‘2“preﬂp2  Rpre H"preulﬂpl [[DDDZ"pre]]PZ
2) Linearity checking:
@) y g
[010]p, [C24]p, SRy [O01]p, [O24°] p,

(3) Phase transition:

[Polp, (0102 p, @rye [ q0]p, [E0]p,
Note that there are only orbit finitely many such pairs of monomials,
and that we can enumerate representative of these orbits because
X is effectively oligomorphic.

Let us first argue that this system is complete. Because there ex-
ists an infinite path P, it is indeed possible to reach [>""go0" <] ,
by repeatedly applying the first rule, and then the second rule until
0O, reaches the end of the tape, and continuing so until one decides
to apply the third rule to reach the desired tape configuration.
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We now claim that the system is correct, in the sense that it
can only reach valid tape encodings. First, let us observe that in a
rewrite sequence, one can always assume that the rewriting takes
the form of applying the first rule, then the second rule until one
cannot apply it anymore, and repeating this process until one ap-
plies the third rule. Because rule (2) ensures that when we add new
indeterminates using rule (1), they were not already present in the
monomial, and because rule (1) ensures that locally the structure of
the indeterminates remains a finite path, we can conclude that the
whole set of indeterminates used come from a finite path P’. As a
consequence, if one can reach a state where (2) or (3) are applica-
ble, then the tape is of the form [>P**0"0;0,<P™] p,, with n > 1. It
follows that when one can apply rule (3), the monomial obtained
is of the form [>™"go0"<"""] ,,, where P’ is a finite path such that
(pg, p7) is in the same orbit as (xg, x1). » Back to p.12 O

Remark 6.11. Given an oligomorphic set of indeterminates X, it
is equivalent to say that X contains an infinite path or to say that
it contains finite paths of arbitrary length.

PROOF OF REMARK 6.11 AS STATED ON PAGE 12. Assume that there
are arbitrarily long finite paths in X. Then, one can create an in-
finite tree whose nodes are representatives of (distinct) orbits of
finite paths, whose root is the empty path, and where the ancestor
relation is obtained by projecting on a subset of indeterminates.
Because X is oligomorphic, there are finitely many nodes at each
depth in the tree (i.e. at each length of the finite path). Hence, there
exists an infinite branch in the tree due to Konig’s lemma, and this
branch is a witness for the existence of an infinite path in X. »
Back to p.12 O

Example 6.13. Let X be an oligomorphic infinite set of indetermi-
nates. Then X X X contains a (generalised) infinite path as defined
in Remark 6.10.

PROOF OF EXAMPLE 6.13 AS STATED ON PAGE 12. Let (x;);c)y and
(Yi) ;e be two infinite sets of distinct indeterminates in X. Let us
define P = (x0,Y0), (%1, Yo), (x1, Y1), (X2, Y1), . . .. The orbits of pairs
that define the successor relation are the orbits of ((x;, y;), (xk, y1)),
where x; = x; and y; # y;, or where x; # x; and y; = y;. Be-
cause X is oligomorphic, there are finitely many such orbits. Let
us sketch the fact that this defines a generalised path. Consider
that ((x;, y;), (x, yr)) is in the same orbit as ((xo, yo), (X1, Yo)), then
there exists 7t € G such that 7t - (x;,y;) = (x0,yo) and 7t - (g, y;) =
(x1,y0), but then 7 - y; = 7 - y; = yo, and because 7 is invert-
ible, y; = y;. Similarly, we conclude that x; # xi. The same
reasoning shows that if ((x;, y;), (xx, y1)) is in the same orbit as
((x0, Y0), (x0,y1)), then y; # y; and x; = x. > Back to p.12 O

D Proofs of Section 5.3

PrROOF OF THEOREM 5.13 AS STATED ON PAGE 10. Let us consider
an orbit finite polynomial automaton A = (Q, , qo, F). Following
the classical backward procedure for such systems, we will compute a
sequence of sets Eg 2 {q € Q | F(q) =0}, and E;4; = pre"(E;) NE,;,
where pre” (E) is the set of states g € Q such that for every a € 3,
0*(q, a) € E. We will prove that the sequence of sets E; stabilises,
and that it is computable. As an immediate consequence, it suffices
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to check that gy € Ec, where Eq, is the limit of the sequence (E;);en,
to decide the zeroness problem.

The only idea of the proof is to notice that all the sets E; are
representable as zero-sets of equivariant ideals in K[X], allowing
us to leverage the effective computations of Corollary 1.2. Given
a set H of polynomials, we write V(H) the collections of states
q € Q such that p(q) = 0 for all p € H. It is easy to see that
Ey = V({{F}) =V (), where I, is the equivariant ideal generated
by F, since F € K[V] and V is invariant under the action of G.
Furthermore, assuming that E; = V(;), we can see that

pre”(E;) = {g € Q | Va € X,5"(a,q) € Ei}
={geQ|VYae X VpeLp(5(aq)=0}
={qeQ |V € T.p'(q) =0}
Where, the equivariant ideal J is generated by the polynomials
pullback(p, a) = p[x — I(a, x)] for every pair (p,a) € I; xX.Asa
consequence, we have E;y; = V(1;41), where 741 = I;+.9 . Because
the sequence (7;);¢yy is increasing, and thanks to the equivariant
Hilbert basis property of K[X], there exists an ny € N such that
Ty = Tng+1 = Ingsz = - - - . In particular, we do have E,) = Ep 41 =
Epgiz =---.

Let us argue that we can compute the sequence ;. First, 7 =
(F) g is finitely represented. Now, given an equivariant ideal 1, rep-
resented by an orbit finite set of generators H, we can compute the
equivariant ideal J generated by the polynomials pullback(p, a) =
plxi — 5(a)(x;)] for every pair (p,a) € HxX.Indeed, Hx X is or-
bit finite, and the function pullback is computable and equivariant:
given T € G, we can show that

7t - pullback(p, a)
=7 (p[x; — 6(a,x;)])
=plx; = (- 8(a,x,))]
=plxi > 8(m- a7 x;))]

by definition
7t acts as a morphism
4 is equivariant

= (- p)[x; — 8(7t- a,x;)] definition of substitution

= pullback(7t - p, 7 - a). by definition.

Finally, one can detect when the sequence stabilises, by checking
whether 7; = Z;41, which is decidable because the equivariant ideal
membership problem is decidable by Theorem 1.1.

To conclude, it remains to check whether gy € Eo,, which amounts
to check that qo € V(J). This is equivalent to checking whether
for every element p € B where B is an equivariant Grobner basis of
I, we have p(qo) = 0, which can be done by enumerating relevant
orbits. » Back to p.10 ]
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